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One of the longstanding problems in the the theory of infinite group algebras is the zero divisor conjecture: does the group algebra of a torsion free group have zero divisors?
Results presented here grew out of an attempt to settle the conjecture for abelian-by-finite groups. Since the problem is not solved it seems valuable to collect in one paper most of the information about this case.
The conjecture has been verified for some limited classes of groups ([9] , [8] , [5] ).
A finitely generated group Γ is called a Bieberbach group if it has a torsion free, self-centralizing, abelian subgroup of finite index. It is easy to see that this is equivalent to the existence of a short exact sequence
where A is the finite conjugate subgroup of Γ, assumed to be torsion free, and G is a finite group. We will often refer to G as the top of Γ. It is worth observing that Δ is a finitely generated, torsion free abelian group containing all abelian subgroups of Γ of finite index; consequently G acts faithfully by conjugation A. ([9] is a good source for elementary properties of the finite conjugate subgroup.) If F is an arbitrary field then the group algebra F[Γ] can be partially described by exploiting the theory of central simple algebras. Adopt the notation B = F [Δ] , let K be the field of fractions of R, and let C denote the center of F [Γ] . By inverting the nonzero elements of C we get the tower of rings
It turns out that C~λR = K and K is a Galois extension of C^C whose group is G (acting by conjugation). Moreover, C~ιF[Γ] is a prime ring with a basis over K consisting of a transversal to the cosets Δ in Γ. It is now clear that C~ιF[Γ\ is a cross-product "in" H 2 (G, if*) . (The reader who wishes more details should consult Thm 6.5 in [9] K*/R* is a free abelian group on the irreducibles (primes) of R by the first lemma. Since G acts on R, it acts on the set of irreducibles. We may apply Lemma 2, yielding H\G, K*/R*) = 0. Apply the long cohomology sequence to 1 -
If one "chases" the fact that Φ is onto, one finds iΓ
Finally, apply the long cohomology sequence to 1 -
2* Reduction to Sylow subgroups* The zero divisor conjecture can be simplified somewhat by showing that the problem need only be solved when tops are p-groups. In proving this we will use the identification of H\G, A) inside H 2 (G, K*) given by Theorem 1, although this is not strictly necessary.
Now an element of H\G, A) represents a group extension as well as a crossproduct of dimension |G| 2 over its center (see e.g. [7] , Chapter 4). Recall that a simple algebra is a full matrix ring over a division algebra and that the degree of the simple algebra is the square-root of the dimension of this division algebra over its center. Thus for Bieberbach groups we may state the zero divisor conjecture as follows:
If / G H 2 (G, A) represents a torsion-free extension then its degree is |G|. If if is a subgroup of G then we will write the restriction map as
We can now state THEOREM 
Assume f e H Z (G, A) represents a torsion free extension. If the degree of τes G^P f is \P\ for each Sylow subgroup, P, of G then the degree of f is \G\.
As a consequence of this theorem, the zero divisor conjecture is affirmed for F [Γ] once it is known for each F [π] where π is the inverse image in Γ of a Sylow subgroup of G.
We will need two preliminary lemmas, the first of which is trivial and the the second of which is well known. Proof. See [1] (Chapter V §7) or [10] .
Proof of the theorem. Let G be an arbitrary finite group and let P be a Sylow p-subgroup of G.
If / e H 2 (G, A) we can uniquely write / = Σ Λ where f q is in the Sylow g-subgroup of H\G, A) for primes q dividing |G|. Since res is a homomorphism, τes G^P f q is annihilated by a power of q. However, every element in H\P, A) is annihilated by \P\. Thus By assumption the degree of res f p in H\P, K*) is \P\. As an easy consequence of Lemma 4 the degree of f p is not less than \P\. By [7] (pp. 120-121), the degree of f p is a power of p dividing |G|. Thus the degree of f p is exactly \P\. By the argument of [7] (Theorem 4.4.6), the degree of / is the product of the degrees of the f p for p||G|. The degree of / is |G|.
3* The second center is trivial* Theorem 2 reduces the zero divisor conjecture for Bieberbach groups to solvable Bieberbach groups. One may ask the status of torsion free nilpotent Bieberbach groups. It is known (though unrecorded) that these must be abelian. In this section we obtain a refinement of this proposition.
Let ζ( ) denote the center of a group. Pardoning the abuse of notation, we have. Proof. Suppose 7 is in the inverse image of ζ (Γ/ζ(Γ) ). This means that ΊgΊ~γg~γ e ζ(Γ) whenever g e Γ.
If a e A then ΊaΊ~γ = za for some z e ζ(Γ). Since Γ is Bieberbach we can find an integer n ^ 0 so that Ύ n eA. Thus a = {Ί^a^Y 1 = az n . That is, z* -1. Since ζ(Γ) Q A and A is torsion free, z -1. 7 centralizes the self-centralizing subgroup A so 7e A.
If g e Γ then gΊg~x = wΎ for some w e ζ(Γ) and g m e A for some m ^ 0. Since Ύ e A, g m and 7 commute. Now the argument above shows that gΎg~ι = 7V# € Γ. But then 7 e ζ(Γ) as desired. We will need the following lemma whose proof is quoted from [11] . LEMMA 
If G is solvable then A has a finite normal series whose factors are all isomorphic to Z.
Proof. There is a finite normal series Φ = Φ o > Φ x |> \> Φ k = N with Φi/Φ i+1 abelian and Φ« a finitely generated free group. Consider the series
is certainly a finitely generated torsion free abelian group. Since
is a subgroup of the finitely generated torsion free group Φ ί+1 l[Φ i+1 y Φ i+1 ]. Now refine the series in the obvious way.
One simple and well known consequence of this lemma is that A is torsion free for arbitrary G. A new one is. THEOREM 
If G is an arbitrary finite group then F[Λ] has no zero divisors.
Proof. Let P be a Sylow p-subgroup of G and H its inverse image in Φ. Then 1->iV-+H-+P->1 is a free presentation of P and H/ [N, N] is the inverse image of P in A. The Sylow reduction Theorem 2 now implies that we might as well assume that G is a p-group.
But then G is solvable. It is well known that whenever A has a normal series as described in the lemma, F [A] has no zero divisors. (See [9] , Thm 26.7 or observe that F[A] is a "twisted polynomial ring"). 5* Particular tops* Arguments of the previous section show (cf. [2] ) that any finite group can be the top of a torsion free Bieberbach group. That makes the short list of tops for which the zero divisor conjecture is known depressingly small.
We'll say a group is cyclish provided it has a cyclic subgroup of index two or less. Notice that this class of groups is closed under subgroups and homomorphic images.
If 
DANIEL R. FARKAS However ζ(M) Q ζ*(M) £ A(M).
If Γ is a Bieberbach group, we let T: Γ -+Δ denote the transfer homomorphism.
By the (Hirsch) rank of an abelian-by-finite group we mean the torsion free rank of the abelian subgroup of finite index. LEMMA 
Let Γ be a Bieberbach group. Then rank (Γ/Ker T) = rank (Γ/[Γ, Γ]).
Proof. Let "-" be the canonical map Γ-+Γ/ [Γ, Γ] . Since [Γ, Γ]£Ker Γ, it suffices to show that rank (Γ/Ker T) = rank (f). We do this by proving that that Ker T is periodic. Set n = \Γ/A\. If g e Ker T then g n e A. T(g n ) is the product of n conjugates of g n by coset representatives of Δ in Γ. Thus T{g n ) = {gf\ But T(g) = 1.
LEMMA 7. Let Γ be a Bieberbach group. Γ has an infinite cyclic homomnrphic image if and only if ζ(
is a finitely generated abelian group which is not finite. The rank of X is one less than the rank of Δ and X <\Γ. That is, Γ/X has rank 1. By modding out the elements of Δ(Γ/X) with finite order we have constructed a homomorphic image of Γ which is a Bieberbach group of rank 1. But it is easy to see that the only such groups are the infinite cyclic group (Z) and the infinite dihedral group (Z/2Z*Z/2Z).
Theorem 5 is valuable in conjunction with a result developed in [3] , [8] 
THEOREM 6. Suppose ίg is a class of finite groups closed under taking subgroups and homomorphic images. If Γ always has an infinite cyclish image whenever it is torsion free and Γ/Δ e !Q then F[Γ] has no zero divisors.
We now come to our main application of the previous two theorems. THEOREM 
If Γ is a torsion free Bieberbach group and Γ/Δ is cyclish then F[Γ] has no zero divisors.
Proof. It suffices to prove that if Γ/Δ is cyclic then ζ(Γ) Φ 1. So suppose Γ -{A, g) where g k eA.
Clearly g k eζ(Γ).
In summary, the zero divisor conjecture is true when the Sylow subgroups of the top are cyclish. These finite groups are well understood. A list of cyclish 2-groups can be found in [14] (p. 150). The solvable groups with cyclish Sylow subgroups were classified in [15] (cf. [13] p. 176). The nonsolvable groups are described in [12] .
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